Let A" be a normed linear space and let K be a convex subset of X. The inward set, I¡((x), of x relative to K is defined as follows: I^(x) = {x + c(u -x):c > 1, u e K). A mapping T:K -► X is said to be inward if Tx S I/ç(x) for each x e K, and weakly inward if Tx belongs to the closure of If¿(x)
given in terms of a condition arising in the study of ordinary differential equations. A general fixed point theorem is proved and applied to derive a generalization of the Contraction Mapping Principle in a complete metric space, and then applied together with the characterization of weakly inward mappings to obtain some fixed point theorems in Banach spaces. 0. Introduction. Let X be a topological vector space, KG X, and T a mapping of K into X. An inwardness condition on T is one which asserts that, in some sense, T maps points x of K "toward" K, or more precisely into the set generated by rays emanating from jc and passing through other points of K. Such conditions are always weaker than the assumption that T map the boundary of K, dK, into K. They have been formulated in a variety of ways and imposed by several authors recently in connection with studies both in fixed point theory and in certain differential equations. Our purpose in this paper is to illustrate how different types of inwardness assumptions are related, and to prove several new fixed point theorems in which these concepts play a role.
Before stating precise definitions we give a brief review of some of the previous work in this area.
The study of inward mappings originated with the investigations of B. Halpern in his 1965 doctoral thesis [7] where he obtained a generalization of the Schauder-Tychonov Theorem, a result he and Bergman further generalized in 1968 [9] . Since then many results have appeared in the literature concerning inward and weakly inward mappings in Halpern's sense, for both single and multivalued mappings (cf.
[3], [6] , [8], [9] , [14] , [16]-[19] ).
Another type of inwardness assumption was used by H. Brezis [1] in 242 JAMES CARISTI connection with his study of the differential equation (0.1)
x' = /(x) where x : [0, °°) -> R" and the mapping /: K C R" -*■ R" is locally lipschitzian. Brezis proved that the condition (0.2) Urn A" xd(x + hf(x), K) = 0 for all x G K h-*0 + (where d(x, K) = inf {d(x, y) :y E K}) is equivalent to the flow invariance of K in the sense that if <x> is a solution of (0.1) and <p(t0) E K for some i0, then tp(t) E K for all t > t0 in the interval of solution. Some of the work related to this result can be found in [5] , [13] , [15] , [20] [21] . We remark that a mapping satisfying (0.2) with "lim" replaced by "lim inf is called positively subtangential in [22] . Before turning to our principal fixed point theorem and its applications we give precise definitions of the inwardness assumptions used here and we show how our concepts are related to those of Brezis. Our first observation, in fact, shows that if F is a convex subset of a normed linear space X, then T : K -> X is weakly inward in Halpern's sense if and only if / = / + T satisfies Brezis' condition (0.2). (Here / denotes the identity mapping.) This connection yields as a consequence the fact that two of our principal fixed point results overlap known results of Martin [13] and Vidossich [21], a fact we comment upon in later remarks.
1. Characterization of weakly inward mappings. Let X be a topological linear space and K a subset of X. If x G K we define the inward set, I^(x), of x with respect to K as follows:
We say that a mapping T : K -*■ X is inward in case Tx E IK(x) for each x G K.
We say that T is weakly inward in case Tx belongs to the closure of I¡r(x) for each x EK. Note that in the usual definition of IK(x) as in [9] , the numbers c were taken as simply nonnegative. However, in previous work K has always been assumed to be convex, an assumption we will not always make, although (1.1) is equivalent to the usual definition of IK(x) in case K is convex. We choose to require c > 1 for technical reasons which arise later. The following theorem is an essential tool in dealing with weakly inward mappings, and relates their study to the work of Brezis and others. Observe that the convexity of K was only used in the second half of Theorem 1.2, and in fact, without convexity the same proof can be used to obtain Proposition 1.5. If X is a normed linear space with K G X, and iff: K-* X has the property that I -fis weakly inward, then inf {h~xd(x-hf(x),K)) = 0 for all x G K. h>0 Proposition 1.6. If X is a normed linear space with K C X, and iff: K -* X satisfies condition (1.3), then I -fis weakly inward.
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Finally we remark that when K is convex, condition (0.2) is equivalent to the assumption that the mapping / + / is weakly inward.
2. Fixed point theorems. Much of the recent work in fixed point theory has been directed toward determining when a mapping F : K -► X for K C X has a fixed point. It is not necessary always to assume that T:K -* K, but rather T:dK -> Kis often a sufficient assumption for existence of fixed points (e.g. [2] ). A weaker assumption for convex K, the Leray-Schauder boundary condition, has been used by many authors in obtaining their results (e.g.
[4], [12]). As previously mentioned, the Schauder-Tychonov Theorem is true for weakly inward mappings [9] . We are interested in generalizing two important theorems to weakly inward mappings: the Contraction Mapping Principle and Kirk's theorem for nonexpansive self-mappings of a bounded, closed, convex set with normal structure [11] . In the case of inward mappings, an extension of Kirk's theorem was obtained by S. Reich [17] by showing first [18] that an inward "condensing" mapping with bounded range defined on a closed, convex subset of a Banach space has a fixed point. His technique, however, apparently does not work for weakly inward mappings. We will prove first that a weakly inward contraction mapping always has a fixed point, and apply this to Reich's argument in [17] to reach our improvement of his extension of Kirk's theorem.
The important tool for all that follows is the next theorem, which will also give us a generalization of the Contraction Mapping Principle. In a normed linear space, if a mapping is inward, then it is metrically inward. Thus we observe that if jf is a Banach space, K a closed subset of X, and T: K -► X an inward contraction mapping, then T has a fixed point.
There is a rather natural way of defining weakly inward mappings in a metric sense. It is still unknown whether Theorem 2.2 remains true under such a weaker assumption. As another application of Theorem 2.1, however, we will prove that Theorem 2.2 is true for a weakly inward contraction mapping defined on a closed, convex subset of a Banach space. In view of Theorem 1.2 this result is actually included in an observation by Martin [13, Proposition 3]. However, Martin derives his result from the theory of ordinary differential equations, a technique totally unlike our approach. Theorem 2.3. Let X be a Banach space and K a closed, convex subset of X. Let T:K -*■ X be a weakly inward contraction mapping with Lipschitz constant k < 1. 77ien T has a fixed point.
Proof. Suppose T has no fixed point. Choose e > 0 so small that k < (1 -e)/(l 4-e). We will define a function f:K-+K such that for every x G K and for fixed r < 0 \\f(x) -Tf(x)\\ < \\x -Tx\\+ r\\x -f(x)\\. By Theorem 2.1 such a function /has a fixed point, and the resulting contradiction completes the proof. In order to define / it suffices to show that given x G K there exists y E K such that \\y -Ty\\< ||x -Fx|| + (k -y^} ||x -y\\. Given x EK, use Corollary 1.4 to obtain « G (0, 1) such that h~xd((l -h)x +hTx,K)< e||x -Fx||.
By the definition of distance, there exists an element y of K such that T is said to be nonexpansive if for all x, y E K, \\Tx-Ty\\<\\x-y\\.
The class of pseudo-contractive mappings is easily seen to include the nonexpansive mappings. Interest in the study of pseudo-contractive mappings stems from the fact that the mapping T is pseudo-contractive if and only if / -T is accretive [10] .
The next theorem extends Kirk's theorem [11] to weakly inward mappings.
In this theorem we assume that K has the fixed point property for nonexpansive self-maps, i.e., that every nonexpansive mapping T:K -*K has a fixed point. This is the case, for instance, if K is weakly compact and has normal structure [11] .
We should also remark that G. Vidossich has claimed a theorem [21, Theorem 5 (ii)] which, again in view of Theorem 1.2, is equivalent to Theorem 2.6 below. He uses differential equations techniques also. Theorem 2.6. Let X be a Banach space, K a closed, convex subset of X which possesses the fixed point property for nonexpansive self-maps, and suppose T:K -> X is a lipschitzian, pseudo-contractive mapping which is weakly inward.
Then T has a fixed point in K. The range of B must be contained in K. We will show that the domain of B contains K. Let z G K be fixed and define T: K -*■ X by Tx = kTx + (1 -k)z.
T is easily seen to be a contraction mapping. Notice further that for each x G K, IK(x) is a convex set containing K, hence so is the closure of IK(x). Therefore Tx is a convex combination of elements of the closure of IK(x) and thus T is weakly inward. By 
